In this paper we consider the two atoms Tavis-Cummings model and give an explicit form to the solution of this model which will play a central role in quantum computation based on atoms of laser-cooled and trapped linearly in a cavity.
The purpose of this paper is to give an explicit form to the solution of Tavis-Cummings model ( [1] ) with one and two atoms. This model is a very important one in Quantum Optics and has been studied widely , see [2] , [3] or [4] as general textbooks in quantum optics. See also recent papers [5] , [6] and their references.
We are studying a quantum computation and therefore want to study the model from this point of view, namely the quantum computation based on atoms of laser-cooled and trapped linearly in a cavity. We must in this model construct a controlled NOT gate or other controlled unitary gates to perform a quantum computation, see [7] as a general introduction to this subject.
For that purpose we need the explicit form of solution of the models with one, two and three atoms. As for the model of one atom it is more or less well-known, and as for the case of two or three atoms it has not been given as far as we know.
In this paper we give it for the case of two atoms, while we could not give it for the three atoms case, so we present it as a challenging problem. Anyway, let us start.
The Tavis-Cummings model (with n-atoms) that we will treat in this paper can be written as follows (we seth = 1 for simplicity).
where ω is the frequency of radiation field, ∆ the energy difference of two level atoms, a and a † are annihilation and creation operators of the field, and g a coupling constant, and L = 2 n . Here σ
are given as
where s is +, − and 3 respectively and
Here let us rewrite the hamiltonian (1). If we set
then (1) can be written as
which is very clear. We note that {S + , S − , S 3 } satisfy the su(2)-relation
However, the representation ρ defined by
is a reducible representation of su(2).
We would like to solve the Schrödinger equation
where U is a unitary operator. We can solve this equation by using the method of constant variation. Let us make a brief review. The equation
where N = a † a is a number operator and U 0 a constant unitary. By changing U 0 −→ U 0 (t) and substituting into (7) we have the equation
after some algebras. Here let us assume the resonance condition
which makes the situation simpler. Under this condition the solution of (8) becomes
so that the full solution of (7) is given by
where we have dropped the constant unitary operator for simplicity. Therefore we have only to calculate the term (10) explicitly, which is however a very hard task 1 . In the following we set
for simplicity. We can determine e −itgA for n = 1 (one atom case) and n = 2 (two atoms case) completely. Let us show.
One Atom Case In this case A in (12) is written as
Since
with the number operator N and
so we have
We obtained the explicit form of solution. However, this form is more or less well-known, see for example [3] , Chapter 14. Because this solution is very convenient, there are many applications, see the textbook [3] .
We note that (15) can be decomposed as
We leave the check to the readers. This is a Gauss decomposition of unitary operator. This may be used to construct a theory of "quantum" representation of a non-commutative group, which is now under consideration.
Two Atoms Case In this case A in (12) is written as
We would like to look for the explicit form of solution like (15), so we must find a relation like (14). It is not difficult to see
From (19) we find a clear relation
This is our key observation. From this it is easy to see
so that we have
or more explicitly 2 ,
This is our main result in this paper. The explicit form has not been known in the literature as far as we know.
Since the Tavis-Cummings model has a kind of universal characteristic and the explicit form of solution was given, there must be many applications to Quantum Optics, Mathematical Physics and etc. In the forthcoming paper [12] we will apply this to the construction of controlled-unitary operations (gates) in quantum computation (see for example [7] ) based on atoms of laser-cooled and trapped linearly in a cavity.
Three Atoms Case In this case A in (12) is written as
whereÃ is A in (17).
We would like to look for the explicit form of solution like (15) We note that the solution is deeply related to the construction of controlled-controlled NOT operation (gate) in quantum computation, so the explicit form of it is needed.
We conclude this paper by making a comment on our target. The Tavis-Cummings model is based on two energy levels of atoms. However, an atom has in general infinitely many energy levels, so it is natural to use this possibility. We are studying a quantum computation based on multi-level systems of atoms (a qudit theory), [8] [9] [10] [11] [12] [13] . Therefore we would like to extend the Tavis-Cummings model based on two-levels to a model based on multi-levels. This is a very challenging task !
Appendix
In this appendix we show an another approach to obtain the result in the two atoms case which may be useful in the three atoms one. Our method is to reduce the 4 × 4-matrix A in (17) to a 3 × 3-matrix B in (24) to make our calculation easier. For that aim we prepare the following two matrices
Then it is easy to see
{J + , J − } are just generators of (spin one) irreducible representation of (3). Therefore to calculate e −itgA we have only to do e −itgB . The method is almost similar. Namely, We leave the remainder to the readers.
